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Abstract
We generalize to noncommutative cylinder the solution generation technique, orig-
inally suggested for gauge theories on noncommutative plane. For this purpose we
construct partial isometry operators and complete set of orthogonal projectors in the
algebra AC of the cylinder, and an isomorphism between the free module AC and its
direct sum ACFC with the Fock module on the cylinder. We construct explicitly the
gauge theory soliton and evaluate the spectrum of perturbations about this soliton.
1 Introduction.
Recently, eld theories on noncommutative (NC) spaces have attracted considerable
interest (see, e.g. Refs. [1, 2, 3, 4] for recent reviews and references to ealier work).
One of the motivations is the fact that NC Yang-Mills theory emerges as eective low-
energy description of string theory in background B-eld in a certain limit [5]. Of
particular interest is the study of solitons in NC theories. These solitons share many
common properties with D-branes; most notably, correct values of D-brane tensions
are reproduced, and the spectrum of fluctuations about NC solitons is in qualitative
and quantitative agreement with the spectrum of open strings in D-brane backgrounds
[6, 7].
The best studied example of NC eld theory is a theory on NC plane (more gener-
ally, on noncommutative R2n). The algebra AP of functions on NC plane is generated
by two coordinates x^1  x^ and x^2  p^ obeying the following commutation relation,
[x^, p^] = iθ .
This algebra is isomorphic to the algebra of operators in quantum mechanics of one
degree of freedom.
In the limit of strong noncommutativity, θ !1 , solitons of pure scalar theory are
constructed in terms of projectors P in the algebra AP [8] which satisfy
P  P = P ,
1
where  is multiplication in AP . For gauge theory on NC plane, solution generation
technique was suggested [7, 9, 2] which enables one to obtain new exact solutions
starting from vacuum. This technique makes use of partial isometry operators, which
are elements S of the algebra AP satisfying the following properties,
As explained in Ref. [1], the solution generation technique is closely related to an isomorphism
between the free module over the algebra AP and the direct sum FP AP of the Fock module FP
(which is merely the Hilbert space of harmonic oscillator states) and the free module. In the case of
NC plane, however, the use of the formal algebraic language of projective modules may appear an
unnecessary sophistication, since the solution generation technique, as presented originally [7, 9, 2],
is very transparent by itself.
The next simplest examples of NC spaces are NC cylinder and torus. Corresponding algebras
will be denoted in what follows by AC and AT , respectively. In the case of gauge theory on
NC torus, it is problematic to construct a soliton in terms of connection on AT (to the best of our
knowledge, no explicit solitonic solution is known so far). One may still construct a NC gauge theory
soliton as connection on FT AT , the direct sum of the Fock and free modules [10]. This approach
enables one also to calculate the spectrum of small perturbations about the soliton [10], which is
in agreement with the spectrum of strings in D0-D2 background, now in toroidally compactied
space. However, FT AT and AT are not isomorphic [1], thus a connection on FT AT does not
induce a connection on the free module AT , and no solution generation technique emerges.
In this paper we nd and study exact classical solutions of U(1) gauge theory on NC cylinder (see
Ref. [11] for the description of scalar solitons on NC cylinder in the large-θ limit). In particular,
we discuss whether an analog of the solution generation technique exists in this case. We nd
an armative answer to this question and present explicit solitonic solution directly in terms of
connection on the algebra AC . Unlike the case of NC plane, the algebraic formalism described in
Ref. [1] proves most adequate in gauge theory on NC cylinder.
This paper is organized as follows. In Section 2 we describe the algebra AC of functions on the
noncommutative cylinder as a subalgebra of the algebra AP of NC plane. We introduce a basis in
the Fock space FP which is convenient for constructing projectors and partial isometry operators
in the cylinder algebra AC . We also describe connections on the Fock and free modules of this
algebra. In Section ?? we present the solution generation technique for NC cylinder and give an
explicit construction of gauge theory soliton as a connection on the free module AC . In Section
3 we study the fluctuation spectrum about this soliton by making use of its representation as a
connection on the direct sum AC FC .
2
2 Non-commutative cylinder.
2.1 Algebra, projectors, partial isometry operators
In commutative geometry, the algebra of functions on a cylinder of radius R with coordinates
(x, p) may be dened as a subalgebra of functions on a plane, subject to invariance under nite
translations
OnNCplanewithcoordinates
(x^, p^), generators of innitesimal translations are inner derivations,
A(x, p) = A(x+ 2piR, p) .
On NC plane with coordinates (x^, p^), generators of innitesimal translations are inner derivations,
Consequently,Eq. (2.1)isgeneralizedtothenoncommutativecasebydefiningthealgebra
AC of functions on NC cylinder as a subalgebra of the algebra AP , which consists of functions












Consequently, Eq. (2.1) is generalized to the noncommutative case by dening the algebra AC of
functions on NC cylinder as a subalgebra of the algebra AP , which consists of functions commuting
with the operator of nite translation along x-direction
A^ 2 AC : e−2piiRpˆ/θA^e2piiRpˆ/θ = A^ . (3)
The generators of the algebra AC are p^ and exp(ix^/R); clearly, the coordinate x^ does not belong
to AC . The condition (3) is preserved by the operation of dierentiation (2.1), so Eq. (2.1) is still
a denition of the derivatives on NC cylinder. Note that the dierentiation with respect to p^ is not
an inner derivation on the algebra AC .
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The algebra AP may be viewed as an algebra of operators acting in the Hilbert space of functions
of one variable. In what follows it will be convenient to work in p-representation. Then every






where ψ(p) is an arbitrary function. The constraint (3) implies that an operator belongs to the
subalgebra AC i its kernel satises the following condition,
A(p, p0) = A(p, p0) exp
(−2piiR(p − p0)/θ ,
or, equivalently,
To construct eld theory on NC cylinder one needs to dene a trace TrC on the algebra AC .
This trace is a noncommutative generalization of the integral over cylinder. The trace cannot be
simply the trace Tr on the algebra AP . Indeed, the representation (??) makes it clear that trace Tr
diverges for the elements of AC . This is not a surprise: in the commutative case one would obtain
divergent results, if functions on cylinder were understood as periodic functions on a plane, and
integral over the cylinder were dened as an integral over the whole plane.
Instead, one denes the integral on a cylinder as the integral of periodic function over its period.
The way to generalize this denition to the noncommutative case is to recall that the algebra AC





(in fact, the Fourier components a(p^, q) coincide with the coecient functions appearing in the
expression (??) for the kernel of the operator A^.) One denes TrCA^ as an integral of the zeroth
Fourier component of the operator A^,






















Let us now construct projectors and partial isometry operators in the algebra AC of NC cylinder.
In the Hilbert space of functions ψ(p), it is convenient to choose an orthonormal basis with specic
properties. Namely, the elements of this basis, jn,mi, are labeled by two numbers n = 0, 1, 2, . . .
and m = 0,1,2, . . . The dening property of this basis is the following transformation rule
under the nite translation,
It is also straightforward to construct a set of partial isometry operators, analogous to the shift











i = 1− Pi .
Again, these operators have the general form (??), so they belong to the algebra AC .
The existence of the orthonormal basis jn,mi with the property (??) is far from being obvious.
Let us prove by construction that such basis indeed exists. The translation property (??) implies
that the basis elements jn,mi have the following form in the p-representation




pi sin [(pi + λ)(n+ 1)/2]







(Rp/θ)2 − k2 , (6)
and
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2.2 Modules and endomorphisms of NC cylinder.
Non-commutative analogues of vector bundles and connections (=gauge elds) on these bundles
are projective modules and derivatives on these modules (see, e.g., Refs. [1, 3] for reviews). In the
previous subsection we constructed a complete orthonormal set of projectors in the algebra AC .
This construction implies, in analogy to the case of NC plane, that an arbitrary projective module
over AC is a direct sum of a certain number of free and Fock modules. Let us describe these two
modules in some detail.
Elements of the (right) free module are elements of the algebra AC itself, and the algebra acts
on this module by right multiplication. An arbitrary connection on this module can be represented
in the form
Elements of the (right) Fock module FC of NC cylinder are \bra"-vectors hf j of the Fock module
of NC plane with the standard action of operators A^ 2 AC  AP ,
hf jA^ = (A^+jfi)+
This module has a constant curvature connection r0i , with the following components








The curvature of this connection is equal to




An arbitrary connection on the Fock module can be represented in the form
ri = r0i + izi .
where zi belongs to the algebra EndAC (FC) of endomorphisms of the module FC , i.e., gauge elds
zi on the Fock module have the following form
In what follows we will encounter also the direct sum FC  AC of the Fock and free modules.






An arbitrary connection on such a module can be written in the form







Let us rst recall how the solution generation technique works on NC plane [7, 9, 2]. There,
due to the fact that derivatives (??) are in fact inner derivations on the algebra AP (cf. Eq. (2.1)),
one can introduce the following operators
C1 = iθp^+ iu1 C2 = −iθx^+ iu2 .
Then, static eld equations (??) take the following form
It is easy to see that a naive attempt to generalize this construction to the case of NC cylinder
fails. Indeed, operators Ci do not belong to the algebra of NC cylinder. Still one may try to
make use of the embedding of the algebra AC into the algebra AP and write blindly the same
formula (??), with partial isometry operator SC belonging now to AC (see Eq. (5)). However, it is
straightfroward to see that the resulting gauge elds do not belong to the subalgebra AC , so the
whole construction fails.
To obtain the solution generation technique on NC cylinder, let us generalize the formalism
[1] relating the solution generation technique on NC plane to the isomorphism between modules
AP and AP  FP . Let us make use of the basis introduced in Section 2.1. Then we dene the
isomorphism  : AC ! AC FC as follows,
Now, let us note that the connection (??) on the direct sum AC FC satises Eq. (??). Then,
by making use of the isomorphism  one may dene the following connection ri on the free module
AC
ri = −1  ~r0i  . (8)
In the case of NC plane, similar construction is equivalent to the solution generation technique [1].
Here, too, the connection (8) obeys the eld equation (??), i.e., it corresponds to a soliton. Exact
multi-soliton solutions on NC cylinder may be obtained by repeating this procedure.
Let us now explicitly calculate the gauge eld for one soliton solution on NC cylinder, resulting
from this procedure. Namely, let us consider the action of the connection ri on arbitrary element
A^ 2 AC . Making use of the property (??) one nds
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Since x^ is not an element of AC , an expression like (??) cannot be written for u2. Yet the
formula (??) simplies in a basis of a certain class. Namely, one may rewrite the φ-term for u2 in
the following way,




j0,mih0, 0jX2 j0, lih0, l +mj , (9)
where in the second line we made use of the fact that [P0,X2] 2 AC . Now, it is straightforward to
check that if the basis is of the form (??) with functions χn(λ) of denite parity (this is the case
for the choice (6), (??)) then
hn, 0jX2jn, li = 0
for all n, l, and the last term in Eq. (9) drops out. In this case one nds the following expression







The curvature may be expressed in terms of the projector P0 without reference to any particular
basis and is equal to
F12 = [r1,r2] = − i
θ
P0 , (10)
which is clear from Eqs. (8) and (??).











This coincides with the energy of the soliton on NC plane.
The curvature F12 and its Weyl symbol are not gauge-invariant quantities. Yet the shape of the
soliton (in a certain gauge) may be of some interest. The Weyl symbol of the operator F12 obtained
with the basis (6), (??), is shown in Fig.1 (see Appendix for the sketch of the calculations leading
to this graph).
3 Fluctuation spectrum.
To study the spectrum of perturbations about the soliton found in Section 3 it is convenient,
following Ref. [10], to make use of the isomorphism , Eq. (??), and rewrite the action for


















Figure 1: The Weyl symbol of F12 on the plane (x, p) for R = 10 and θ = 3. Periodicity in
x-coordinate means that one deals with the soliton on the cylinder.
rst step is to dene the trace on the endomorphisms of this module. For endomorphism of general






= TrC(P0zi) + TrCvi .
It is straightforward to check that this trace is an image of the trace TrC under isomorphism .
We make use of the following notation,
Trψ2ψ1 = hψ1jψ2i ,
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where vectors jψi are introduced in eq. (??). Then the action for perturbations in the soliton













The quadratic part of the action can be written as a sum of contributions of four decoupled sectors.
The rst sector includes elds vi (in the string language this sector describes (2, 2)-strings | open
strings with both ends on the D2-brane that lls up the cylinder), the second sector includes elds
zi (corresponding to the (0, 0)-strings with both ends on the D0-brane (soliton)) and the third
sector includes o-diagonal components ψ, ψ ((0, 2)-strings with one end on the D2 and another
end on the D0-brane).








2(∂0vi)2 − 2(∂1v2 − ∂2v1)2

.
This coincides with the quadratic part of the action for U(1) gauge theory on NC cylinder without
soliton, in the u0 = 0 gauge. At the quadratic level, commutative and noncommutative theories
coincide, so the spectrum in the (2, 2)-sector is just the spectrum of Abelian gauge eld on the
cylinder.






j∂tzi(n)j2 − 4pi2R2θ2n2jz1(n)j2 ,
where zi(n) are dened in Eq. (??), and we made use of the Hermiticity condition
zi(−n) = zi(n) .
This action describes a tower of massive modes localized on the soliton, which are labeled by z1(n),
n = 1, 2, . . . , with masses
Finally, in the o-diagonal sector one arrives at the following action,
All spectra calculated in this Section agree with those in string theory on a cylinder. This again
conrms the interpretation of NC solitons as D-branes.
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4 Discussion
To summarize, the key point of this paper is the explicit construction of the orthonormal basis
jn,mi in the Hilbert space of functions of one variable. Elements of this basis transform according
to the rule (??) under the action of the translation operator. This property enables one to construct
a complete set of orthogonal projectors (??) and corresponding set of partial isometry operators
(5) in the algebra AC of NC cylinder. By making use of this partial isometry operators, we found
an isomorphism (??) between the free module over the algebra AC and direct sum FC AC of the
Fock module FC and the free module. This construction leads to the generalization of the solution
generation technique to the case of NC cylinder. We explicitly described the gauge eld of the
one-soliton solution and calculated the spectrum of small perturbations about this solution.
In this concluding section let us discuss another implication of the existence of the basis jn,mi.
Namely, in Ref. [12], the following peculiar property of gauge theory on NC plane was pointed out.
Consider U(N) gauge theory with a certain N on NC plane. Then, for any natural K, there exists
a vacuum in this theory, such that the theory above this vacuum is identical to U(K) gauge theory
above trivial vacuum. An interpretation of this property given in Ref. [12] is that the number of
colors N emerges as a superselection parameter, labeling separate sectors of the quantum Hilbert
space of an NC gauge theory.
Technically, this property is due to the fact that in the case of NC plane, there exists an




1 AP with any N and K. Gauge
theories in these sums are U(N) and U(K)-theories, respectively, so this isomorphism induces a
connection corresponding to the U(K) vacuum in the U(N) gauge theory.





1 AT with dierent N and K [1]. Let us demonstrate that the properties
of the basis jn,mi imply that NC cylinder is similar to NC plane in this respect, i.e. U(N) gauge
theories with dierent N emerge on NC cylinder as theories above dierent backgrounds in a single
gauge theory.
For the sake of simplicity let us discuss how U(2) gauge theory emerges in U(1) gauge theory
(the generalization to other N and K is straightforward). First, let us construct an isomorphism






















jn,mihm, 2n + 1j .
It is straightforward to check the following properties of these operators
OO+ = EE+ = O+O + E+E = 1
EO+ = OE+ = 0 .






! E+A^1 +O+A^2 .
Hence,  is an isomorphism. In complete similarity to Section 3, one constructs the connection on
the module AC AC ,
ri =   ∂i  +
induced from the vacuum connection ∂i on the free module AC . It is straightforward to calculate
the U(2) gauge eld corresponding to the connection ri,
Thus, any given U(N) gauge theory on either NC plane or NC cylinder has an innite set
of vacua labeled by K = 1, 2, . . . . Above each vacuum, this theory is equivalent to U(K) gauge
theory above its trivial vacuum. It is natural to wonder whether these vacua correspond to dierent
supeselection sectors, or are merely dierent phases of one and the same theory, like, say, degenerate
vacua with dierent vev’s in (commutative) scalar theories. The theory on NC cylinder is, in
principle, adequate to address this question: in the latter case, there should exist a domain wall
conguration (not necessarily solution) of finite energy, separating dierent vacua. It would be
interesting either to construct such a conguration, or prove that there is none.
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Appendix. Weyl symbol of F12.
Let us calculate the Weyl symbol of the curvature (10) obtained with the basis given by (6), (??).
For the sake of simplicity let us set R = θ = 1 in this calculation. Expression (??) implies that the




ξ1(p)ξ1(p0) exp (2piim(p − p0)).
Hence, for coecient functions a(p, q) (cf. eq. (??)) one nds
a(p, q) = ξ1(p)ξ1(p− q)
Making use of Eq. (4) one writes
~fP0(m,p) = 2pia(p −m/2,−m),
where the Fourier transform ~fP0(m,p) of the Weyl symbol is dened in eq. (??). Then the













n2 − (2p + 1)2 −
1










n2 − (2p + 1)2 −
(−1)n
n2 − (2p − 1)2

(11)
Evaluation of the series in eq. (11) results in the following explicit expression for the Weyl symbol
fP0(x, p) (we restore the dependence on R and θ in these nal formulae)










cos [(pi − x/R) (2Rp/θ − 1)]
sin (pi (2Rp/θ − 1))
− pi
2Rp/θ + 1
cos [(pi − x/R) (2Rp/θ + 1)]








cos (2xp/θ − x/R)
sin (pi (2Rp/θ − 1))
− pi
2Rp/θ + 1
cos (2px/θ + x/R)
sin (pi (2Rp/θ + 1))

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cos [(pi − x/R) (2Rp/θ − 1)]
sin (pi (2Rp/θ − 1))
− pi
2Rp/θ + 1
cos [(pi − x/R) (2Rp/θ + 1)]








cos [(2pi − x/R) (2Rp/θ − 1)]
sin (pi (2Rp/θ − 1))
− pi
2Rp/θ + 1
cos [(2pi − x/R) (2Rp/θ + 1)]
sin (pi (2Rp/θ + 1))

This function is not analytic at x = piR; however one can explicitly check that fP0 and its derivative
are continuous at x = piR.
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